The squeeze-film flow of a thin layer of Newtonian fluid filling the gap between a flat impermeable surface moving under a prescribed constant load and a flat thin porous bed coating a stationary flat impermeable surface is considered. Unlike in the classical case of an impermeable bed, in which an infinite time is required for the two surfaces to touch, for a porous bed contact occurs in a finite contact time. Using a lubrication approximation an implicit expression for the fluid layer thickness and an explicit expression for the contact time are obtained and analysed. In addition, the fluid particle paths are calculated, and the penetration depths of fluid particles into the porous bed are determined. In particular, the behaviour in the asymptotic limit of small permeability, in which the contact time is large but finite, is investigated. Finally, the results are interpreted in the context of lubrication in the human knee joint, and some conclusions are drawn about the contact time of the cartilage-coated femoral condyles and tibial plateau and the penetration of nutrients into the cartilage.
Introduction
The squeeze-film flow of a thin layer of Newtonian fluid filling the gap between two impermeable surfaces is a classical problem in fluid mechanics (see, for example, Acheson (1990) and Szeri (1998)) and it is well known that under a prescribed constant load, at least in theory, an infinite time is required for two smooth surfaces to touch (see, for example, Stone (2005) ). Of course, in practice, additional physical effects not included in the classical squeeze-film problem (such as, for example, small-scale surface roughness) will usually result in contact between the two surfaces in a finite (but possibly large) time. However, even in theory, there are situations in which contact can occur in a finite time. For example, recently Cawthorn & Balmforth (2010) showed that a non-smooth body, namely a wedge falling apex-first under gravity, will make contact with an underlying surface in a finite time. In the present work we consider another situation in which, even in theory, contact occurs in a finite time, namely when one of the surfaces is porous.
Motivated in part by the fact that classical results were unable to describe the engagement of wet porous clutch plates, Wu (1970) considered the squeeze-film flow of a thin layer of fluid between two annular discs, the upper disc being covered with a porous layer. Wu (1970) used Reynolds' lubrication theory to describe the flow in the gap between the discs, and Darcy's law to describe the flow in the porous layer, and showed that the load-carrying capacity, i.e. the normal force exerted on the discs due to the fluid, is reduced in comparison with the case when both discs are impermeable. Prakash & Vij (1973) rectangular flat plates, the lower surface being covered with a porous layer; they also used a lubrication approximation for the flow in the porous layer and obtained results similar to those of Wu (1970) .
In the present work we consider the squeeze-film flow of a thin layer of Newtonian fluid filling the gap between a flat impermeable surface moving under a prescribed constant load and a flat thin porous bed coating a stationary flat impermeable surface. Using a lubrication approximation an implicit expression for the fluid layer thickness and an explicit expression for the contact time are obtained and analysed. In addition, the fluid particle paths are calculated, and the penetration depths of fluid particles into the porous bed are determined. In particular, the behaviour in the asymptotic limit of small permeability, in which the contact time is large but finite, is investigated. Finally, the results are interpreted in the context of lubrication in the human knee joint, and some conclusions are drawn about the contact time of the cartilage-coated femoral condyles and tibial plateau and the penetration of nutrients into the cartilage.
Problem Formulation

Problem Description
Consider, with reference to the cylindrical polar coordinate system (r, θ , z) shown in Figure 1 , the time-dependent axisymmetric flow in the thin cylindrical gap 0 r R, 0 z h between a circular flat rigid impermeable bearing z = h(t) of radius R moving vertically (i.e. in the z-direction) and a stationary circular flat rigid impermeable surface also of radius R at z = −H p , where t denotes time. The rigid impermeable surface is coated with a thin cylindrical rigid porous bed of constant permeability k, porosity φ (0 < φ < 1), depth H p and radius R that occupies 0 r R, −H p z 0. The gap between the bearing and the porous bed is filled with, and the pores in the porous bed are saturated with, an incompressible Newtonian fluid with constant density ρ and viscosity µ. We prescribe the load L = L(t) > 0 that acts vertically downwards through the bearing, pushing it towards the porous bed.
The squeeze-film flow described here is axisymmetric, but the corresponding two-dimensional problem is also of some interest and is treated in Appendix A. In particular, as we show in Appendix A, the solutions for the fluid layer thickness h = h(t) and the fluid particle paths (x, y) may be readily obtained from the corresponding solutions in the axisymmetric case.
Governing Equations and Boundary Conditions
The axiymmetric flow in the fluid layer (0 r R, 0 z h) is governed by the mass-conservation and Navier-Stokes equations
where v = (v r , 0, v z ) is the fluid velocity, with radial and vertical components v r = v r (r, z,t) and v z = v z (r, z,t) , respectively, p = p (r, z,t) is the fluid pressure, and g = (0, 0, −g) denotes (constant) acceleration due to gravity. We assume that the axisymmetric flow in the porous bed (0 r R, −H p z 0) is governed by the mass-conservation equation and Darcy's law,
where u = (u r , 0, u z ) is the so-called Darcy velocity (the fluid volume flux per unit area), with radial and vertical components u r = u r (r, z,t) and u z = u z (r, z,t), respectively, and P = P(r, z,t) is the pore pressure. Combining (2.2) shows that P is harmonic, i.e.
Assuming that the inertia of the bearing is negligible, the requirement that the prescribed load L = L(t) is equal to the net force exerted on the bearing by the fluid means that
On the interface between the bearing and the fluid layer at z = h the no-slip and no-penetration conditions require that
On the interface between the fluid layer and the porous bed at z = 0 mass conservation requires that
while continuity of normal stress requires that
In addition, we impose the Beavers-Joseph condition
where α (> 0) is the dimensionless Beavers-Joseph constant (see the original work by Beavers & Joseph (1967) , the historical and critical note by Nield (2009) , and the many papers using this condition, including, for example, Sherwood (1990) , Wu (1972) , Prakash & Vij (1974) , Lin et al. (2001) , and Nong & Anderson (2010) ). This condition allows for velocity slip on the interface between the fluid layer and the porous bed at z = 0 with slip length l s = k 1/2 /α. In the limit α → ∞ the slip length l s → 0 and (2.8) reduces to v r = u r on z = 0, (2.9) which corresponds to no slip relative to the fluid at the interface. If we neglect the radial Darcy velocity u r in (2.9) then the condition becomes 10) which corresponds to no slip relative to the stationary porous bed.
On the interface between the porous bed and the rigid impermeable surface at z = −H p the nopenetration condition requires that
At r = R continuity of normal stress requires that the normal stress takes its ambient value, which we assume to be zero, i.e. 12) and, since the fluid pressure is axisymmetric and smooth at r = 0, we also require that
Finally, we must also specify the initial thickness of the fluid layer:
In general, solving (2.1), (2.3) and (2.4) would require the specification of additional boundary and initial conditions. However, as is typical of problems of this type, when both the fluid layer and the porous bed are thin, and a lubrication approximation is used to describe the flow in both of them, the leading order approximations to these equations may, in fact, be solved without specifying any of these additional conditions.
Lubrication Approximation
We scale and non-dimensionalise the problem as follows: In dimensionless variables, with the primes omitted for the sake of clarity, the mass-conservation and Navier-Stokes equations (2.1) become 18) where the aspect ratio of both the fluid layer and the porous bed, ε = H p /R ≪ 1, the (reduced) Reynolds number for the flow in the fluid layer, R * = ε 2 ρV R/µ = ε 2 ρL 0 H 2 p /(µ 2 R 2 ) ≪ 1, and the non-dimensional parameter that measures the relative importance of gravitational effects and viscous effects, G = ε 3 ρgR 2 /(µV ) = ε 3 ρgR 5 /(L 0 H 2 p ) ≪ 1, are all assumed to be small. At leading order in the limit ε → 0 equations (2.17) and (2.18) reduce to the classical lubrication equations
Similarly, retaining higher order terms which will be required subsequently, Darcy's law (2.2b) and Laplace's equation (2.3) become
At leading order in the limit ε → 0 the load condition (2.4) is simply 23) and the boundary conditions (2.5)-(2.8) and (2.11)-(2.13) are 30) respectively. Note that a new dimensionless parameter δ has been introduced on the right-hand side of (2.27) so that it can be reduced to the non-dimensionalised version of (2.10), i.e. v r = 0 on z = 0, by letting α → ∞ and setting δ = 0; otherwise δ = 1. The initial condition (2.14) becomes
where d = H f /H p is the appropriately non-dimensionalised version of H f . For simplicity, in all of the plots presented subsequently we take d = 1, corresponding to the initial thickness of the fluid layer being the same as the thickness of the porous bed.
Unsteady Reynolds Equation
Equation (2.20) shows immediately that, since the fluid layer is thin, the leading order fluid pressure is independent of z, i.e. p = p (r,t) . Solving the leading order version of (2.22), namely ∂ 2 P/∂ z 2 = 0, subject to the boundary conditions (2.26) and (2.28) using (2.21) shows that the leading order pore pressure is also independent of z, i.e. P = P(r,t), and hence that at leading order (but not at higher order) the two pressures are the same, i.e. P(r,t) ≡ p(r,t). The variation of P with z appears at first order in ε 2 , and so seeking a solution to (2.22) in the form
and applying the no-penetration condition (2.28) yields
Substituting (2.32) and (2.33) into (2.21) yields
Solving (2.16) and (2.19) for v r and v z subject to the boundary conditions (2.24a), (2.25) and (2.27) using (2.34) yields
Substituting (2.36) into (2.24b) we obtain the unsteady Reynolds equation 37) which, subject to the load condition (2.23), the pressure boundary conditions (2.29) and (2.30), and the initial condition (2.31), determines the pressure p = p(r,t) and the fluid layer thickness h = h(t). This system will be solved subsequently in §3.
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in the porous bed −1 z 0, and the boundary conditions
Solving (2.38) and (2.39) for ψ subject to the boundary conditions (2.40) yields
in the fluid layer 0 z h, and
in the porous bed −1 z 0.
Fluid Particle Paths
The path (r, z) = (r(t), z(t)) taken by a fluid particle, initially situated at the point (r 0 , z 0 ) (where 0 r 0 1 and −1 z 0 d) is governed by the non-autonomous ordinary differential equations
General Solution
Pressure and Velocities
Integrating the unsteady Reynolds equation (2.37) twice with respect to r and applying the pressure boundary conditions (2.29) and (2.30) we obtain
Applying the load condition (2.23) yields a separable first-order ordinary differential equation for the fluid layer thickness h = h(t):
Re-arranging (3.2) for dh/dt and substituting into (3.1) reveals that the pressure is simply
showing that the pressure is parabolic in r and independent of k, and that its only temporal dependence is via that of the load L(t). Substituting (3.3) into (2.34) shows that the Darcy velocity is given by
which is independent of both α and δ , and so is the same for all three choices of the boundary conditions (2.8)-(2.10). Substituting (3.3) into (2.35) and (2.36) shows that the fluid velocity is given by v = (v r , 0, v z ), where
In particular, (3.4)-(3.6) show that both u r and v r are linear in r, but that both u z and v z are independent of r.
Fluid Layer Thickness
Integrating (3.2) from 0 to t and imposing the initial condition (2.31) yields an implicit solution for the fluid layer thickness h = h(t):
For simplicity in the remainder of the present work we concentrate on the case of constant (dimensional) load L = L 0 > 0, corresponding to taking the constant (dimensionless) load to be equal to unity, i.e. L 0 = 1, without loss of generality. We shall, however, retain the constant (dimensionless) load L 0 explicitly in what follows for clarity of presentation. In the case of constant load L = L 0 equation (3.7) yields an implicit expression for the fluid layer thickness h = h(t) at time t in the form of an explicit expression for the time t = t(h) taken for the fluid layer to reduce to a thickness h:
In the special case in which the bed is impermeable, i.e. when k = 0, the fluid layer thickness h = h(t) is given explicitly by i.e. an infinite time is required to squeeze all of the fluid out of the fluid layer (see, for example, Stone (2005) ).
In the general case k = 0 the integral in (3.8) was evaluated numerically using the int tool (with its default numerical method) in the computer algebra and numerical analysis package MAPLE. (Note that the integral in (3.8) may, in principle, be evaluated analytically, though this involves the zeros of the quartic expression appearing in the denominator of the integrand. These zeros may, in principle, be found using standard formulae; however, in practice, they are very unwieldy and so we always evaluated the integral numerically.)
Figure 2(a) shows plots of h as a function of lnt for different values of the permeability k. Figure  2 (a) shows that, as expected, increasing k decreases the time taken for the fluid layer to reduce to a thickness h. Figure 2 (a) also shows that when the bed is permeable, i.e. when k = 0, the bearing always makes contact with the porous bed in a finite time. This finite contact time is denoted by t c , and is given by setting h = 0 in (3.8) to yield While the effect of varying the permeability k is relatively straightforward to understand, the effect of varying the Beavers-Joseph constant α is more subtle. Figure 3 shows plots of h as a function of t for different values of α for two values of k. In particular, Figure 3 (a) shows that for a "small" value of k (specifically k = 10 −2 ) as α increases the time taken for the fluid layer to reduce to a thickness h increases, whereas Figure 3(b) shows that for a "large" value of k (specifically k = 5) as α increases the time taken for the fluid layer to reduce to a thickness h decreases. This qualitative change in behaviour is confirmed by the analysis of the asymptotic limits k → 0 and k → ∞ given subsequently in §4 and Appendix B, respectively.
To understand the physical reason why varying the Beavers-Joseph constant α has a qualitatively different effect for small and large values of the permeability k it is instructive to examine the radial fluid velocity v r and the radial Darcy velocity u r . Figure 4 shows plots of v r as a function of z for 0 z h and of u r as a function of z for −1 z 0 for different values of α for three values of the permeability k. (Note that all of the plots shown in Figure 4 , and also all of those shown subsequently in Figure 5 , are for the same value of the fluid layer thickness, namely h = 1/2, and so are therefore not at the same instant t.) Figure 4 (a) shows the flow in the special case in which the bed is impermeable, i.e. when k = 0 and hence l s = 0, in which case there is, of course, no flow in the porous bed and no slip between the fluid and the porous bed at the interface z = 0. Figures 4(b) and 4(c) show the flow for different values of α for a "small" (specifically k = 10 −2 ) and a "large" (specifically k = 10) value of the permeability k, respectively. Note that, since u r is independent of both α and z, there is only a single uniform velocity 
Since the fluid volume flux into the porous bed, denoted by Q bed and given by
is constant and independent of α, this decrease in Q out causes the time taken for the fluid layer to reduce to a thickness h to increase, consistent with the behaviour for small k shown in Figure 3 (a). On the other hand, Figure 4 (c) shows that when k is large increasing α (i.e. decreasing the slip length l s ) increases v r and hence increases Q out , causing the time taken for the fluid layer to reduce to a thickness h to decrease, consistent with the behaviour for large k shown in Figure 3 (b). Figure 5 shows plots of the instantaneous streamlines for three values of the permeability k. Figure  5 (a) shows the streamlines in the special case in which the bed is impermeable, i.e. when k = 0, in which case there is, of course, no flow in the porous bed. Figures 5(b) and 5(c) show the streamlines for two non-zero values of the permeability k. In particular, they show that when the bed is permeable the vertical fluid velocity v z on the interface z = 0 (which is given by v z | z=0 = u z | z=0 = −8L 0 k/π) is always negative, and hence that fluid always flows from the fluid layer into the porous bed and never flows the other way. They also show that as k increases so do Q out and Q bed , and hence that the contact time t c decreases, consistent with the behaviour shown in Figure 2 .
Instantaneous Streamlines
Fluid Particle Paths and Penetration Depths
Using (3.2) to eliminate t from (2.43) and (2.44), the differential equations that govern the path (r, z) taken by a fluid particle are 1 r
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Integrating (3.16) and (3.17) subject to (3.18) shows that the particle paths in the porous bed are given by 19) and so, in particular, always satisfy r 2 (1 + z) = r 2 0 (1 + z 0 ) = constant. Figure 6 shows the paths (r, z) taken by several fluid particles from their initial positions (r 0 , z 0 ) at t = 0 for three values of the permeability k.
In the special case in which the bed is impermeable, i.e. when k = 0, equations (3.14) and (3.15) may be solved exactly subject to (3.18) to yield
for z 0 0. Figure 6(a) shows the paths of several fluid particles in this case and, in particular, shows how all of the fluid particles eventually flow out of the fluid layer into the region beyond r = 1.
In the general case k = 0 the differential equations (3.14)-(3.17) were solved numerically using the dsolve tool (with its default numerical method) in MAPLE subject to (3.18). Figures 6(b) and 6(c) show the paths of several fluid particles for two non-zero values of the permeability k. In particular, they show that fluid particles initially in the fluid layer can either flow out of the fluid layer into the region beyond r = 1 or flow into the porous bed and then, in some cases, out of the porous bed into the region beyond r = 1. Since the vertical Darcy velocity u z = −8L 0 k(1 + z)/π is less than or equal to zero, fluid particles that enter the porous bed never re-enter the fluid layer, and fluid particles that are initially in the porous bed never enter the fluid layer. Figures 6(b) and 6(c) also show that as k increases then v z increases relative to v r so that the flow in the fluid layer is increasingly directed towards the porous bed, and consequently the fraction of the fluid particles initially in the fluid layer that flow into the porous bed increases.
Fluid particles initially in the fluid layer that enter the porous bed do so by crossing the interface z = 0 at some point (r * , 0), where r * = r * (r 0 , z 0 ), at t = t * corresponding to h = h(t * ) = h * , and so the critical curve that divides the region of particles that enter the porous bed (with r * < 1) from the region of those that do not is given by r * = 1. The curve r * = 1 is found by solving (3.14) and (3.15) subject to r = 1 and z = 0 at h = h * backwards from h = h * to h = d. Evaluating the solution for (r, z) when h = d yields the initial position (r 0 , z 0 ) of the fluid particle that passes through the point (r, z) = (1, 0) when h = h * . Repeating this procedure for 0 h * d yields the curve r * = 1. Figures 6(b) and 6(c) include plots of the curve r * = 1 calculated in this way and confirm that fluid particles that initially lie to the left of r * = 1 flow from the fluid layer into the porous bed, and the fluid particles that initially lie to the right of r * = 1 flow out of the fluid layer into the region beyond r = 1. Figure 7 shows plots of the curve r * = 1 for different values of the permeability k. In particular, Figure 7 shows that as k increases the curve r * = 1 moves to the right, i.e. less fluid flows out of the fluid layer into the region beyond r = 1 and more fluid flows into the porous bed. Also of considerable practical interest are the depths to which fluid particles (which may be initially situated in either the fluid layer or the porous bed) penetrate into the porous bed, denoted by z pen and given by z pen = z(t c ) < 0. Since both v z and u z are independent of r, z pen is independent of r 0 . However, the value of r 0 does affect whether or not a fluid particle flows into the region beyond r = 1. Figure  8 (a) shows plots of ln |z pen | as a function of ln k for "small" values of the permeability k for three fluid particles initially situated in the fluid layer with r 0 = O(k 1/4 ). In particular, Figure 8 (a) shows that |z pen | decreases as k decreases and/or z 0 increases. Moreover, the effect of z 0 on z pen becomes less pronounced as k decreases. (In fact, it will be shown in §4.2 that at leading order in the limit of small permeability k → 0 the penetration depth z pen = O(k 1/3 ) ≪ 1 of a fluid particle initially situated in the fluid layer with r 0 = O(k 1/4 ) is small and independent of z 0 .) Figure 8(b) shows plots of z pen as a function of ln k for "large" values of the permeability k for three fluid particles initially situated in the fluid layer. In particular, Figure 8 (b) shows that again |z pen | decreases as k decreases and/or z 0 increases. However, in this case, the effect of k on z pen becomes less pronounced as k increases. (In fact, it will be shown in Appendix B that at leading order in the limit k → ∞ the penetration depth z pen = O(1) of a fluid particle initially situated in the fluid layer is independent of k and its magnitude decreases monotonically as z 0 increases.) Figure 8 |z pen − z 0 | = O(k 1/3 ) ≪ 1 of a fluid particle initially situated in the porous bed is small and decreases monotonically as z 0 decreases.) Figure 8(d) shows plots of z pen as a function of ln k for "large" values of the permeability k for three fluid particles initially situated in the porous bed. In particular, Figure 8(d) shows that, like in Figure 8(b) , |z pen | decreases as k decreases and/or z 0 increases. Moreover, the effect of k on z pen becomes less pronounced as k increases. (In fact, it will be shown in Appendix B that, as for a fluid particle initially situated in the fluid layer, at leading order in the limit of large permeability k → ∞ the penetration depth z pen = O(1) of a fluid particle initially situated in the porous bed is independent of k and its magnitude decreases monotonically as z 0 increases.)
As we have already seen, there is qualitatively different behaviour for small and large values of the permeability k, and so in §4 we investigate the asymptotic behaviour of the solution in the limit k → 0, while in Appendix B we investigate the asymptotic behaviour of the solution in the less physically relevant limit k → ∞.
Limit of Small Permeability k → 0
In this section asymptotic solutions for the fluid layer thickness h = h(t) ( §4.1) and the fluid particle paths (r, z) ( §4.2) in the limit of small permeability k → 0 are obtained.
In the limit of small permeability it will transpire that the contact time t c = O(k −2/3 ) ≫ 1 is large, and a regular perturbation solution for h = h(t) in powers of k 1/2 ≪ 1 turns out to be valid only for "short" times t = O(1) (more precisely, for t = o(k −1/2 )), and additional asymptotic solutions valid for "intermediate" times t = O(k −1/2 ) and "long" times t = O(k −2/3 ) are required in order to obtain a complete description of the behaviour up to the contact time.
Asymptotic Solution for h = h(t)
Solution for "Short" Times t = O(1) Seeking a regular perturbation solution to (3.2) with
respectively, where t has been eliminated from (4.3) and (4.4) using (4.2). Solving (4.2)-(4.4) subject to the initial conditions h 0 (0) = d, h 1 (0) = 0 and h 2 (0) = 0 yields the solutions
(4.5)
The leading order solution for h 0 given by (4.5) is simply the solution for an impermeable bed given by (3.9), i.e., as expected, the porous bed is effectively impermeable at leading order. The effect of permeability first appears at first order and, since h 1 given by (4.6) is negative for all t > 0, its effect is, as expected, to decrease the time t taken for the fluid layer to reduce to a thickness h. However, since
the expansion (4.1) is not uniformly valid for all t. Comparing the leading and first order terms suggests that the expansion remains uniformly valid provided that
However, comparing the first and second order terms shows that in fact the expansion remains uniformly valid only provided that 10) and hence a second asymptotic solution valid for "intermediate" times
Solution for "Intermediate" Times t = O(k
we re-scale t and h according to 
(4.14)
respectively. Solving (4.13) and (4.14) subject to the appropriate matching conditions with the solution at "short" times, namelyĥ This solution for "intermediate" times is qualitatively similar to that for "short" times. However, sincê (4.18) now the expansion remains uniformly valid provided that 19) and hence a third (and final) asymptotic solution valid for "long" times t = O(k −2/3 ) for which h = O(k 1/3 ) is necessary.
Solution for "Long" Times t
we re-scale t and h according to (4.20) where T and H are O(1) in the limit k → 0 and the factor 12 has been introduced into the scalings for convenience. Seeking a regular perturbation solution to (3.2) with L = L 0 of the form
respectively. Solving (4.22) and (4.23) subject to the appropriate matching conditions with the solution at "intermediate" times, namely (4.24) yields the solutions
25) 26) where the monotonically increasing function f = f (H 0 ) is given by 3 (4.27) and satisfies f (0) = − √ 3π/6 and f (∞) = √ 3π/2. Unlike for the solutions for "short" and "intermediate" times, the permeability now appears in the leading order solution and the solution remains 
where 29) so that
Expressed in terms of the original variables the asymptotic expansion for the contact time (4.28) is therefore
In particular, the leading order small-k solution for the contact time given by
is independent of both α and δ , and so is the same for all three choices of boundary condition (2.8)-(2.10). Figure 2 (b) compares the leading order small-k asymptotic solution for t c given by (4.32) with the exact solution given by (3.11). The Beavers-Joseph constant α appears at first order in the asymptotic expansion for t c given by (4.31), and inspection of the first order term reveals that decreasing α (i.e. increasing the slip length l s ) decreases the contact time t c , consistent with the behaviour shown in Figure  3 (a). 
A Uniformly Valid Leading Order Composite Solution for t(h) A uniformly valid leading order composite solution for t = t(h) is
t(h) = − 3π 4d 2 L 0 + (12k) −2/3 T h (12k) 1/3 ,(4.
Fluid Particles Initially Situated in the Fluid
Layer z 0 > 0 The analysis in §4.1 shows that in the limit of small permeability k → 0 the porous bed is effectively impermeable for "short" and "intermediate" times, i.e. for t = o(k −2/3 ), and so at leading order the paths of fluid particles initially situated in the fluid layer (i.e. with z 0 > 0) are given by the solution for an impermeable bed given by (3.20) and (3.21). When t = O(k −2/3 ) and h = O(k 1/3 ) the solution for an impermeable bed yields 35) showing that only those fluid particles whose initial positions are close to the axis r = 0 (specifically, those with r 0 = O(k 1/4 )) or are close to either the porous bed or the bearing (specifically, those with
have not flowed out of the fluid layer into the region beyond r = 1 at "long" times. In order to analyse the path of a fluid particle initially situated in the fluid layer close to the axis r = 0 with r 0 = O(k 1/4 ) and z 0 > 0 when t = O(k −2/3 ) and h = O(k 1/3 ), we re-scale r 0 , z, t and h according to
where R 0 , Z, T and H are O(1) in the limit k → 0 and the factor 12 has again been introduced into the scalings for convenience. From (3.14) and (3.15) the leading order equations for the path of a fluid particle in the fluid layer are 1 r
The solutions to (4.37) and (4.38) must match with the h → 0 limits of (3.20) and (3.21) as H → ∞, namely
The leading order vertical position of the fluid particle Z(T ), which is independent of the initial height of the fluid particle z 0 , was obtained numerically by posing (4.38) as an initial value problem by shooting from the value Z = 0 at the unknown value of the fluid layer thickness H = H * at which the fluid particle crosses the interface Z = 0 to Z = H ∞ /2 at some large value H = H ∞ ≫ 1 approximating the matching condition (4.40) to within a prescribed tolerance, namely 10 −6 . This procedure yielded the solution H * ≃ 0.4958 corresponding to T = T * = T (H * ), which from (4.20) and (4.25) corresponds to the time
The leading order radial position of the fluid particle R(T ) is calculated by integrating (4.37) from H = H * to H to obtain r = r * g(H), where r = r * is again the radial position at which the fluid particle crosses the interface Z = 0 and the monotonically decreasing function g = g(H) is defined by
(4.42) Figure 9 shows a plot of ln g(H) as a function of ln H together with its large-H asymptotic behaviour g ∼ ζ H −3/4 , where ζ ≃ 1.0708. Imposing the matching condition (4.39) yields
In particular, the leading order solution for the critical curve r * = 1 is therefore given by Figure 7 compares the leading order small-k asymptotic solution (4.44) with the exact solution for r * = 1 for k = 10 −4 . In particular, it shows that the asymptotic solution compares favourably with the exact solution when z 0 = O(1). However, as Figure 7 also shows, the asymptotic solution fails for
e. for fluid particles that are initially close to either the porous bed or the bearing; for brevity these cases are not considered further here. From (3.16) and (3.17) the leading order equations for the path of a fluid particle after it has entered 
Conclusions and Application to the Human Knee Joint
In the present work we considered the squeeze-film flow of a thin layer of Newtonian fluid filling the gap between a flat impermeable surface moving under a prescribed constant load and a flat thin porous bed coating a stationary flat impermeable surface. Using a lubrication approximation an implicit expression for the fluid layer thickness h = h(t) and an explicit expression for the contact time t c were obtained and analysed. In addition, the fluid particle paths were calculated, and the penetration depths of fluid particles into the porous bed were determined. In particular, the behaviour in the asymptotic limit of small permeability, k → 0, in which the contact time t c = O(k −2/3 ) ≫ 1 is large but finite, was investigated.
Our interest in porous squeeze-film flow was originally motivated by the desire for a better understanding of the lubrication of the human knee joint, and so in the remainder of the present paper we seek to interpret the results obtained in this context. As well as being of fundamental scientific and medical interest in its own right, understanding the lubrication of the knee is of crucial importance in the development of total-knee-replacement technologies (see, for example, Walker et al. (2010) ). Figure 11 shows sketches of the main anatomical features of the human knee joint. The knee is where the largest bones in the human body, the femur and the tibia, meet. Situated at the distal (furthest Porous squeeze-film flow 27 of 35 from the torso) end of the femur are two rounded "knobs" which are referred to as the femoral condyles. When the knee is in flexion or extension the femoral condyles articulate with the tibial plateau which is situated at the proximal (closest to the torso) end of the tibia. Both the femoral condyles and the tibial plateau are coated with a thin layer of articular cartilage, which is a poroelastic material, and the gap between the femoral condyles and the tibial plateau is lubricated by a thin layer of synovial fluid. The latter is a non-Newtonian shear-thinning fluid and has an egg-white-like consistency (see, for example, Fam et al. (2007) and Balazs (2009) ). Two crescent-shaped wedges of cartilage, the lateral and medial menisci, are situated on the peripheral boundary of the tibial plateau. The menisci deepen the surface of the tibial plateau, protecting the underlying articular cartilage and stabilising the joint, and are attached to the fibrous capsule, which is a collection of ligaments that surround the joint, connecting the tibia with the femur, and the patella (knee cap) with both the tibia and the femur. The fibrous capsule prevents the joint from undergoing any abnormal movements, and is lined by the synovial membrane, which secretes and absorbs the synovial fluid that lubricates the joint. The latest (40th) edition of Gray's Anatomy (Standring (2008) ) contains an excellent overview of the knee.
When a person walks or stands still the force L = L(t) acting through the knee pushes the femoral condyles and the tibial plateau together when L > 0, creating a squeeze-film effect, and pulls them apart when L < 0. The synovial fluid may be squeezed into or sucked out of the cartilage. Cartilage is avascular (i.e. it does not have a blood supply) and so the flow of synovial fluid into the cartilage is one of the ways that it receives nutrients (see, for example, O'Hara et al. (1990) ). It is believed that when a person walks a thin layer of synovial fluid, reported to be up to 5 × 10 −7 m thick (see, for example, Stewart et al. (1997) ), can separate the tibial plateau and the femoral condyles. However, when a person stands still for an extended period of time it is believed that the synovial fluid will eventually be squeezed out of the gap between the tibial plateau and the femoral condyles, and so the cartilage-coated surfaces will eventually come into contact (see, for example, Stewart et al. (1997) ); this is undesirable as it could result in cartilage degradation and promote the onset of osteoarthritis. The recent review article by Ateshian (2009) and the references therein provide a very useful summary of recent thinking on cartilage lubrication.
Various squeeze-film flows of varying degrees of complexity similar to that studied in the present work have been proposed as models for the lubrication of the human knee joint (see, for example, Hou et al. (1992) and Skotheim & Mahadevan (2005) ), and so it is natural to ask what implications the present results have in this context. Obviously modelling the cartilage as a homogenous rigid porous bed (as we do here) is a highly simplistic idealisation of a very complicated biological material. In reality, articular cartilage is a fibrillar matrix of collagen, large aggregating proteoglycans, and chondrocytes (see, for example, Mow & Ratcliffe (1997) ) which exhibits strong compositional heterogeneity and sustains an osmotic pressure higher than that of the external fluid (see, for example, Maroudas (1976) ). As a result of the complexity and importance of cartilage, a number of mathematical models for various aspects of it of varying degrees of sophistication, notably the linear biphasic theory of Mow et al. (1980) (see the review article by Mow & Guo (2002) and the references therein), have been proposed and analysed. Nevertheless there is some value in using the present highly idealised model to investigate some of the fluid mechanical aspects of the problem, namely the contact time of the cartilage-coated femoral condyles and tibial plateau and the penetration of nutrients into the cartilage. However, before doing this, two further simplifications inherent in the present model require some further justification.
First, modelling the femoral condyles as a flat bearing appears to be overly simplistic. However, Weekley et al. (2006) , who considered the approach of a parabolic surface towards a flat surface coated with a thin elastic layer through a thin layer of Newtonian fluid, found that the elastic layer deforms in such a way as to create a fluid layer of approximately uniform thickness, with the consequence that the approach is qualitatively the same as that of two flat rigid surfaces. Since the femoral condyles are roughly parabolic and cartilage is poroelastic, we anticipate qualitatively similar behaviour in the knee, and thus modelling the femoral condyles as a flat bearing is not an unreasonable first model. Second, assuming that only the tibial plateau is coated with cartilage also appears to be overly simplistic. However, when the condition of no slip relative to the porous bed (2.10) is used the problem of a single porous layer of thickness H p coating the tibial plateau studied in the present work is, at least as far as the motion of the bearing is concerned, mathematically equivalent to the problem of two porous layers each of thickness H p /2 coating both the femoral condyles and the tibial plateau, and so the assumption is not as unrealistic as it might at first appear. When either the Beavers-Joseph condition (2.8) or the condition of no slip relative to the fluid (2.9) is used the two problems are not strictly mathematically equivalent but, since we have shown that in the limit of small permeability the leading order behaviour is the same as for (2.10), we expect that, in practice, the two problems will have qualitatively similar behaviour.
As we have shown, as the impermeable bearing approaches the porous bed under a prescribed constant load all of the fluid is squeezed out of the gap in a finite contact time t c . Typical sizes of the dimensional parameters appearing in the model relevant to the human knee joint are given in Table  1 . Note that the porosity φ is not included in Table 1 as it is, by definition, dimensionless and O(1). Ateshian & Hung (2006) state that for the cartilage in an adult knee φ lies typically between 0.68 and 0.85. In particular, Table 1 shows that the non-dimensional permeability k = O(10 −12 ) is typically very small, meaning that the limit of small permeability k → 0 is most relevant to the human knee. In this limit we found that the leading order asymptotic solution for t c is given by (4.32), which is independent of the choice of boundary condition (2.8)-(2.10) and is expressed in terms of dimensional variables as Hence the present model predicts that when a person stands still for a short period of time their knees may be fluid lubricated, but that when they stand still for a longer period of time contact between the cartilage-coated surfaces may occur. Of course, during physical activity such as walking or running a person repeatedly loads and unloads their knees with a temporally varying load. Since typically each step or stride takes around 1 s, which is somewhat less than the typical size of t c given by (5.1), the present model also suggests that their knees may also remain fluid lubricated during walking or running. Moreover, the corresponding size of h = O((H p k) 1/3 ) = O(10 −7 ) m is consistent with the value of 5 × 10 −7 m quoted by Stewart et al. (1997) .
We also found that in the limit of small permeability the leading order asymptotic solution for the penetration depth z pen of fluid particles initially situated in the fluid layer into the porous bed is given by Equation (A.7) is very similar to the corresponding equation (3.2) in the axisymmetric case. In particular, in the special case of constant load L = L 0 > 0 equation (3.2) can be recovered from (A.7) simply by rescaling t with 3π/16, and hence the solutions for the fluid layer thickness h = h(t) and the contact time t c in the two-dimensional case may be readily obtained from the corresponding results in the axisymmetric case. The path (x, z) taken by a fluid particle is governed by 1 x dx dh = − 6(h − z) (αh + k 1/2 )z + k 1/2 (h + 2δ αk 1/2 ) h 2 (αh 2 + 4k 1/2 h + 6δ αk) + 12k(αh + k 1/2 ) , (A.8) dz dh = 2(αh + k 1/2 )(6k − z 3 ) + 3α(h 2 − 2δ k)z 2 + 6k 1/2 h(h + 2δ αk 1/2 )z h 2 (αh 2 + 4k 1/2 h + 6δ αk) + 12k(αh + k 1/2 ) (A.9)
in the fluid layer 0 z h, and 1 x dx dh = − 12k(αh + k 1/2 ) φ h 2 (αh 2 + 4k 1/2 h + 6δ αk) + 12k(αh + k 1/2 ) , (A.10) 1 1 + z dz dh = 12k(αh + k 1/2 ) φ h 2 (αh 2 + 4k 1/2 h + 6δ αk) + 12k(αh + k 1/2 ) (A.11) in the porous bed −1 z 0. Hence the particle paths in the porous bed are given by
s 2 (αs 2 + 4k 1/2 s + 6δ αk) + 12k(αs + k 1/2 ) ds , (A.12) and so, in particular, always satisfy x(1 + z) = x 0 (1 + z 0 ) = constant. Equations (A.9) and (A.11), which govern the vertical position z = z(t) of a fluid particle, are identical to the corresponding equations (3.15) and (3.17) in the axisymmetric case, and hence the solutions for z = z(t) and z pen in the twodimensional case may be immediately obtained from the corresponding solutions in the axisymmetric case. Moreover, the right-hand sides of equations (A.8) and (A.10), which govern the horizontal position x = x(t) of a fluid particle, differ from the right-hand sides of the corresponding equations (3.14) and (3.16) for r = r(t) in the axisymmetric case by only a factor of 2, and so the solution for x = x(t) in the two-dimensional case may be readily obtained from the solution for r = r(t) in the axisymmetric case by using the simple relationship x/x 0 = (r/r 0 ) 2 .
